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1. State and prove Cauchy’s theorem in a circular disc.       [10m] 

2.  Let ∑ 𝑎𝑛𝑧𝑛∞
𝑛=0  be a given power series. Let 𝐴 =  lim

𝑛→∞
|𝑎𝑛|1/𝑛 and let 𝑅 = 1/𝐴 then prove 

that  

i. If 0 < 𝐴 < ∞ then 0 < 𝑅 < ∞ holds and the power series converges for all 𝑧 with           

|𝑧| ≤ 𝑅 and the series diverges for |𝑧| > 𝑅. 

ii. If  𝐴 = 0 then 𝑅 =  ∞ and the series ∑ 𝑎𝑛𝑧𝑛∞
𝑛=0  converges for all 𝑧 ∈ ℂ. 

iii. If 𝐴 =  ∞ then 𝑅 =  0 and the series ∑ 𝑎𝑛𝑧𝑛∞
𝑛=0  diverges for all 𝑧 ≠ 0.                 [10m] 

 

3. Find the Laurent’s series expansion for 𝑓(𝑥) =
𝑧

(𝑧−1)(𝑧−3)
 when  

i. |𝑧| < 1     ii. |𝑧 − 1| < 2               [5m+5m] 

 

4. A. If 𝑓 and 𝑔 are entire functions and |𝑓(𝑧)| ≤ |𝑔(𝑧)|, ∀ 𝑧 ∈ ℂ, prove that 𝑓(𝑧) = 𝑐. 𝑔(𝑧) for 

some constant 𝑐. 

B. Find the residue of 𝑓(𝑧) =
𝑧2

(𝑧−1)2(𝑧+2)
 .                        [6m+4m] 

5. A. Using Cauchy’s Residue Theorem evaluate ∫
𝑐𝑜𝑠𝑧

𝑧 (𝑧−1)2𝑐
 𝑑𝑧, where 𝑐 ∶ |𝑧| = 3. 

B. Discuss the singularity of the function 𝑓(𝑧) =
1−𝑒𝑧

1+𝑒𝑧 at 𝑧 =  ∞.            [5m+5m] 

 

6. A. Evaluate ∫
𝑑𝜃

1−2𝑝𝑐𝑜𝑠𝜃+𝑝2

2𝜋

0
, 0 < 𝑝 < 1. 

B. Define Zero of a function.                  [8m+2m] 

 

7. A. If 𝑛 is a positive integer then show that ∫ sin (𝑛𝜃 − 𝑠𝑖𝑛𝜃)
2𝜋

0
𝑒𝑐𝑜𝑠𝜃 𝑑𝜃 = 0 

B. Evaluate ∫
𝑐𝑜𝑠𝑥

𝑥2+𝑎2

∞

−∞
 𝑑𝑥 , 𝑎 > 0                         [5m+5m] 

 

8. State and prove Hadamard’s Three Circle Theorem.        [10m] 

 

9. A. State and prove Phragmen- Lindelöf Theorem. 

B. If  |𝑧| ≤ 1 and 𝑝 ≥ 0 then show that  |1 − 𝐸𝑝(𝑧)| ≤ |𝑧|𝑝+1.             [6m+4m] 

 

10. State and prove Poisson’s Jensens Formula.         [10m] 
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