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1. The paper contains two printed pages and one part.
2. Answer any SEVEN FULL questions.
3. All multiple choice questions have 1 or more than one correct option. Full marks will be
awarded only for writing all correct options in your answer script.

1. a) Prove that any open subset of R is Lebesgue measurable. [7]

b) Which of the following measures is/are σ-finite on (R,P(R))? [3]

i. µ(A) = |A ∩Qc| ii. µ(A) = |A ∩Q| iii. µ(A) = |A ∩ Nc| iv. µ(A) = |A ∩Q|

2. a) Let E1 and E2 ∈ L(Rn). Then show that E1 ∪ E2 ∈ L(Rn). Further, if E1 ∪ E2 = ∅ then show that
µ∗(E1 ∪ E2) = µ∗(E1) + µ∗(E2). [7]

b) Which of the following sets has measure zero in (R2,P(R2), δ(0,0))? [3]

i.
∞⋃
n=1

{(x, y) ∈ R2 : y = nx}

ii.
∞⋃
n=1

{(x, y) ∈ R2 : y = nx+ 1}

iii.
∞⋃
n=1

{(x, y) ∈ R2 : y = n(x+ 1)}

iv.
∞⋃
n=1

{(x, y) ∈ R2 : y = (n+ 1)x}

3. a) Let (X,S, µ) be a measure space. Show that if {Ei} is a countable collection of subsets of X in S such

that E1 ⊆ E2 ⊆ E3 · · · then, µ
( ∞⋃

i=1

Ei

)
= lim

n→∞
µ(En). [4]

b) Let (X,S, µ) be a measure space. Show that a function f : X → R is measurable if and only if
f−1(−∞, a] ∈ S for all a ∈ R. [4]

c) Let A,B ⊆ R.. Which of the following is/are true? [2]

i. χA∩B = min{χA, χB}
ii. χA∪B = max{χA, χB}

iii. χAB = χAχB

iv. χA\B = χA − χB

where AB := {a · b : a ∈ A and b ∈ B}.

4. a) Let {fn} be a sequence of measurable functions on a measure space (X,S, µ). Prove that sup fn, inf fn,
lim sup fn and lim inf fn are also measurable. [7]

b) Let (X,S, µ) be a measure space and f, g be strictly positive functions on X. Which of the following
is/are true? [3]



i. fg measurable =⇒ f and g measurable

ii. f and g measurable =⇒ fg measurable

iii. f/g measurable =⇒ f and g are measurable

iv. f and g measurable =⇒ f/g measurable.

5. State and Prove Egorov’s Theorem. [10]

6. a) Prove the Bounded Convergence Theorem: “Suppose {fn} is a sequence of measurable functions that are
all bounded by M and supported on a set E of finite measure and fn → f a.e. Then, f is a.e bounded,

a.e supported on E and lim
n→∞

∫
fn =

∫
f .” [7]

b) Which of the following are integrable? [3]

i. 1/x on (R,P(R), δ0)
ii. 1/x on (R,P(R), δ1)

iii. χQ on (R,L(R),m)

iv. χQc on (R,L(R),m)

7. a) Let f, g be non-negative integrable functions defined on a measure space X. Show that [7]∫
X
(af + bg) = a

∫
X
f + b

∫
X
g for any a, b ≥ 0.

b) Let X = Y = [0, 1]. Give X the Lebesgue measure m and Y the counting measure µ. Let f(x, y) = 1 if
x = y and 0 otherwise. Which of the following is/are true? [3]

i.
∫
X f(x, y)dm = 0 for all y ∈ Y

ii.
∫
Y f(x, y)dµ = 0 for all x ∈ X

iii.
∫
X

∫
Y f(x, y)dµdm =

∫
Y

∫
X f(x, y)dmdµ

iv.
∫
Y

∫
X f(x, y)dm = 0.

8. a) Let s1 and s2 be two simple functions defined on a measure space (X,S, µ). Show that if s1 ≤ s2 then∫
X
s1 ≤

∫
X
s2. [3]

b) Let (X,S, µ) be a measure space and h ∈ L1(X) be a non-negative function. For each E ∈ S define

ν(E) =

∫
E
h. Show that ν is a measure. [4]

c) Given two measures ν1 and ν2 on the same measure space we say that ν1 << ν2 if ν2(E) = 0 =⇒
ν1(E) = 0. In which of the following cases is ν1 << ν2 on (R,L(R))? [3]

i. ν1 = Lebesgue measure and ν2 =
∫
E hdν1 for

some h ∈ L1

ii. ν2 = Lebesgue measure and ν1 =
∫
E hdν2 for

some h ∈ L1

iii. ν1 = Lebesgue measure and ν2 = counting mea-
sure.

iv. ν1 = counting measure and ν2 = Lebesgue mea-
sure.

9. a) State and prove Hölder’s inequality. [7]

b) Which of the following is(are) true? [3]

i. L1([0, 1]) ⊆ L2([0, 1]) with Lebesgue measure

ii. L2([0, 1]) ⊆ L1([0, 1]) with Lebesgue measure

iii. L2([0, 1]) ⊆ L1([0, 1]) with Dirac measure at 0

iv. L1([0, 1]) ⊆ L2([0, 1]) with Dirac measure at 0.

10. a) Define function of bounded variation. Show that a function f : [a, b] → R is of bounded variation if and
only if f is the difference of two monotonic functions. [2+5]

b) Show that a Lipschitz continuous function is absolutely continuous. [3]
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