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Answer any 7 questions 

 

1. (a) Let 𝒜 be a 𝜎-algebra. Prove that 𝒜 is closed under countable intersection. (3) 

(b) State and prove “Excision Property”. (4) 

(c) True or False: Any set of measure zero is countable. Justify. (3) 

 

2. (a) When do we say a set E is measurable? Give an example of measurable set of 

finite measure. (2) 

 (b) If {Ak}k=1
∞  is an ascending collection of measurable sets, then prove that (6) 

m (⋃ Ak

∞

k=1

) = lim
k→∞

m(Ak) 

 (c) State countable monotonicity property of Lebesgue Measure. (2) 

 

3. (a) Prove that 𝑓(𝑥) = 𝑥 on [2,3] is measurable. (2) 

(b) Let 𝑓 and 𝑔 be measurable functions on E that are finite a.e. on E. Prove that for 

any 𝛼 and 𝛽, 𝛼𝑓 + 𝛽𝑔 is measurable on E. (8) 

 

4. (a) Define simple function. Consider the function 𝜓(𝑥) = {
⌈𝑥⌉  if 𝑥 ∈ [0,3)
⌊𝑥⌋  if 𝑥 ∈ [3,5)

 defined on 

𝐸 = [0,5). Give its canonical representation and also find ∫ 𝜓
𝐸

. (6) 

(b) State The Simple Function Approximation Lemma and Egoroff’s Theorem.  (4) 

 

5. (a) Let f be bounded measurable functions on a set of finite measure E. Then for any 

𝛼, prove that ∫ 𝛼𝑓
𝐸

= 𝛼 ∫ 𝑓
𝐸

. (4) 

(b) Find two sets of bounded measurable functions 𝑓, 𝑔 on a set of finite measure E 

such that the identity ∫ 𝑓𝑔
𝐸

= ∫ 𝑓
𝐸

⋅ ∫ 𝑔
𝐸

: i) is true ii) is disproved. Justify. (6) 

 

6. (a) State and prove Bounded Convergence Theorem. (8) 

(b) State Integral Comparison Test. (2) 

 

7. State and prove Fatou’s Lemma and state Monotone Convergence Theorem. (10) 
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8. (a) When do we say a covering of a set is in the sense of Vitali? Check if the covering 

of 𝐸 = [1, 2] given by {[1 −
1

𝑛
, 2 +

1

𝑛
]}

𝑛=1

∞

 and ⋃ {(𝑥 −
1

𝑛
, 𝑥 +

1

𝑛
) |𝑥 ∈ 𝐸}∞

𝑛=1  are 

covering in the sense of Vitali, with proper justification. (6) 

(b) State Vitali Covering Lemma. (2) 

(c) Given that 𝑓 is an increasing function on the closed, bounded interval [𝑎, 𝑏]. 

Which of the following is/are true? (2) 

 i) For each 𝛼 > 0, 𝑚∗{𝑥 ∈ (𝑎, 𝑏)|�̅�𝑓(𝑥) ≥ 𝛼} ≤
1

𝛼
[𝑓(𝑏) − 𝑓(𝑎)] 

 ii) 𝑚∗{𝑥 ∈ (𝑎, 𝑏)|�̅�𝑓(𝑥) = ∞} > 0  

 iii) There exists a unique 𝛼 > 0 where 𝑚∗{𝑥 ∈ (𝑎, 𝑏)|�̅�𝑓(𝑥) ≥ 𝛼} ≤
1

𝛼
[𝑓(𝑏) − 𝑓(𝑎)] 

 iv) 𝑚∗{𝑥 ∈ (𝑎, 𝑏)|�̅�𝑓(𝑥) = ∞} = 0 

 

9. (a) Define bounded variation and show that 𝑓(𝑥) = {
𝑥 cos (

𝜋

2𝑥
)   if 0 < 𝑥 ≤ 1

0                   if 𝑥 = 0
 is not of 

bounded variation on [0,1]. (5) 

(b) When do we say that a function is absolutely continuous? Show that the function 

sin 𝑥 is absolutely continuous on [0,2𝜋] (3) 

(c) Let the function 𝑓 be absolutely continuous on the closed, bounded interval [a, b]. 

Then which of the following is/are true? (2) 

 i) 𝑓 is differentiable a.e. on (a, b) 

 ii) 𝑓′ is integrable over [𝑎, 𝑏] 

 iii) ∫ 𝑓
𝑏

𝑎
= 𝑓′(𝑎) − 𝑓′(𝑏) 

 iv) ∫ 𝑓′𝑏

𝑎
= 𝑓(𝑎) − 𝑓(𝑏) 

 

10. (a) Define conjugate of a number 𝑝 ∈ (0, ∞). What is the conjugate of 1? Also find 

the conjugate of 3. (4) 

(b) State Hölder’s Inequality for 𝐿𝑝(𝐸). State the special case of Hölder’s Inequality 

when 𝑝 = 𝑞 = 2 in 𝐿𝑝(𝐸). What is the name of that inequality? (4) 

(c) Let X be a normed linear space. Then which of the following statements is/are 

true?  (2) 

i) Every Cauchy sequence is convergent. 

ii) Every Convergent sequence is Cauchy. 

iii) Every Cauchy sequence is rapidly Cauchy. 

iv) Every Cauchy sequence has a rapidly Cauchy subsequence 


