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The paper contains THREE printed pages.

Answer any SEVEN FULL questicns, where each question carries 10 marks.

The last part of each question is an MSQ which may have one or more correct option.
In this paper {g| denotes the order of an element g in a group G.

Any ring mentioned here is commutative and has unity unless otherwise mentioned.

1.

(a) Prove that the subgroup A, consisting of all even permutations is normal S, .

[5 marks]
(b) In Dyg = {1,7, 72,73, 74, 5, 57, sr%, 575, 54}, find |7%| and |sr?|. [2 marks]
(c) S¢ has [3 marks]

i} 180 elements of order 4. iii}) 90 elements of order 4.

ii} 60 elements of order 2, iv) 75 elements of order 2.

(a) If G is a finite group of order n and p is the smallest prime dividing order of the group, then prove

that any subgroup of index p is normal. [7 marks]
(b) Which of the following is/are true in Dg = {1,r,7%, 13, 5, sr, 7%, 573} [3 marks]
i) Z(Dg) = {1} i) cl(r?) = {r?}
i) Z(Dg) ={1,r?} iv) cl(1) = {1}
(a) State the Third Isomorphism Theorem for group. {2 marks]
(b) Let G is a group and I < G. Show that for any g € G the map oy : H — H defined by
ag(h) = ghg™" is an automorphism of H. [5 marks]

{c) Which of the following is/are true? [3 marks]



i) | Aut{Zs)| = 4 iii) | Aut(Z10)| = 4
i) |Aut(Zg)| =8 iv) {Aut(Z7)| =4
(a) Prove that if G is a group of order 132, then G is not simple. [7 marks]
(b) Which of the following is/are true? {3 marks]
i} A group of order 200 is simple. iii) A group of order 1000 is not simple,
ii) A group of order 55 is simple. iv) A group of order 40 is not simple.
(a) Find the distinct conjugacy classes of Ss. [4 marks]
(b) State the Division algorithm for F[x], where F is a field. Show that f (@) is the remainder of f(z)
when divided by (xz — a) in F[x]. (4 marks]
(¢) The remainder of 292! when divided by = — 4 in Zj is/are [2 marks]
(iy 1 (i) 4 (iii) 0 (iv) -1
(a) State and prove Eisenstein’s Criterion. [7 marks]
(b) Determine which of the following is/are irreducible over indicated rings [3 marks]
(D) x° — 32!+ 22% — 5z + 8 over R. (i) =+ 3z? — 6z + 3 over Z.
(i) z° + 22 +x + 1 over Q. (iv) 2+ z2 + 1 over Z,.

- (a) Let F'be a field. Show that if p(z} € F'z] is irreducible then (p(x)) is a maximal ideal in F[z].
{4 marks]

(b) Construct a field with 25 elements. [3 marks]
(c} Let Iy = (z® + 1) and I = (z® — 2? + z — 1) in Q[g]. If By = Q[]/]1 and B; = Q[z]/I, then

which of the following is/are true? [3 marks]
(i) R; and Ry are both fields.

(ii) R is a field but Ry is not a fields.

(iii} R is an integral domain but Ry is not an integral domain.

(iv) R; and Rz are both integral domains.
(2) Show that Z([i] is a Euclidean Domain. {4 marks]
(b) Show that in a Unique Factorization Domain every irreducible element ilsj prime. [4 marks]
{c) Which of the following is/are true? . [2 marks]

(i) A subring of an integral domain is an inte- (iii) A subring of a Principal ideal domain(PID)

gral domain. isa PID.
(ify A subring of a Unique factorization do- (iv) A subring of a BEuclidean domain is a Eu-
main(UFD) is a UFD, clidean domain.



Z‘M\%X

10.

(a) Prove that every non-zero prime ideal in a Principal Ideal Domain is a maximal ideal, [4 marks]
(b) Let R be a commutative ring such that R[z] is a Principal Ideal Domain. Show that R is a field.
[3 marks]
{c) Which of the following statement(s) is/are true? {3 marks]
(i) Z[x]is aPID.
(i) Z[z,y]/{y + 1) is a unique factorization domain.
(iii} If R is a prinicipal ideal domain and p is a non-zero prime ideal of R, then R/p has finitely
many prime ideals.

(iv) I Ris a principal ideal domain then any subring of 12 containing the unity 1 is again a principal
ideal domain.

(a) Let F be a field and f(z) be a non-constant polynomial in F[z]. Prove that there is a field E

containing an isomorphic copy of F in which f(z) has a root. {5 marks)
(b) Let K/F be a field extension with [K : F} = 2 and char(F) # 2. Show that K = F(v/D) where
D is not a square element in X, {3 marks]
(c) Which of the following is/are true? [2 marksj
O Q(vV2+ ¥2) = Q(v2, ¥2) (i) [Q(vV2+ ¥2): Q) =4
(i) * — 2 s irreducible over Q(+/2) (i) [Q(VZ+ ¥2) : Q(v2)] =2
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