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1. The paper contains three pages.

2. Attempt any SEVEN FULL questions.

3. All muitiple choice questions have one or more correct option. Write all the correct options in your
answer booklet. '

1. a) Let A be an arbitrary set. Show that the cardinality of A is less than the cardinality of its power set

P(A), that is |A| < [P(A)]. [4m]
b) Show that N x N is denumerable. [3m]
¢) Which of the following are countable? ’ {3m]

A. The set of all functions from the set of natural numbers N to {0, 1}.
B. The set of all functions from the set {0, 1} to natural numbers N .
C. The set of all finite subsets of N.

D. The set of all subsets of N,

2. a) Let (X, d) be a metric space. Show that dy : X x X — R defined by di(z,y) = —d(ﬂ- is also

1-+d(x,y)
ametric on X. [7m]
b) Let (X, d) be a metric space. Which of the following isfare also a metric on X7 [3m]
d(z,y) 1 1
, 2P d— e D. d(z,y) - (1 — d(z,
I dy) ey C1dmy ¢+ DAEN-0-dew)
3. a) Define open sphere and open set in a metric space. Show that in a metric space (X, d) every open
sphere is an open set. [4m]
b) Prove that a finite union of closed sets is closed. f3m]
¢) Let A be a subset of R where A # @, R. Which of the following is/are true? [3m]
A.If A is closed then A = (4°). B.If Ais open then A = (4)°,

ey, C L4

C.If Ais open then A = ((A)C) . D.If Ais closed then A = ((Ac)") .
4. a) State and prove the converse of the Cantor’s intersection theorem. [7Tm]
b) Write whether the statements below are true or false. No justification required. [3m]

AT I 2 Fy 2 - - - are distinct, non-empty subsets of a metric space then iz F; # @ always.
B.If F; 2 F3 D --- are distinct, non-empty closed and bounded subsets of & metric space then



Mk, F; bas a single point, .
C.IfFy 2 F3 2 --- are distinct, non-empty closed and bounded subsets of R then (e F; has a
single point.

5. a) Prove that a monotone function on [e, b] is Riemann integrable, [5m]
b) Let f € R[a, b} and suppose fla,d] C [e,d] and ¢ : [c,d] — R be a continuous function. Prove that
o feRla,b. [3m]

¢} Pick out the true staternent(s): [3m]

A. Every bounded function is integrable.

B. Every integrable function is bounded.
C.Ifflf=0thenf=0.

D. If f is continuous and f:ff = Othen f =0.

. a) State and prove the second form of the Fundamental Theorem of Calculus [7m]
1, (kY.
b) The value of Jim_ ;‘-k}; f (%) is [3m)
A 3[F(1/3) — f(0)] B. f(1/3) - £(0)
]' i
C.37®) - 7] . [ 1 (%)

- @) Let f be a Darboux integrable function on [a, ). Show that f is Riemann integrable on [a,5). [4m]
b) Let f : R® — R™ be a differentiable function at all points zp € R™. Show that the directional
derivative of f exists at zg in the direction v for any v € R™ and that D, f(zp) = f'{zo)v [4m]

c) Let f : R* — R? be the map f(z,y) = (z +y, = — ). Which of the following is/are true?  [2m]

A. fis differentiable everywhere.

B. fis differentiable only at (0, 0)

C. fisdifferentiable at (0,0) and f'(0,0) = f

D. f'(z,y} = f forall {x,y) € R2

. a} State and prove the mean value theorem for a multivariable differentiable function. [Sm}
b) Compute the partial derivatives and hence the matrix that corresponds to the derivative of the function
f:R3 — R given by f(z,y, ) =-xyz at the point (1,1, 1). [2m]
c) Let f: R™ — Rbethe map f(z1, %2, - ,%n) = 0101 + ag@a+ - -+ an®, Where a = (ag, -~ . On)
is a fixed non-zero vector. Let D f(D) denote the derivative of f at 0. Which of the following is/are
ture? [Bm}.
A. [Df(O)](a) = Hal B. [Df(0)] is a linear map from R” to R.
C. [Df(0)])a = D.Forany b= (by,--- ,by), [DF{0](B) = a1by + - - - + anby.
. a) Let (fy,) be a sequence of uniformly continuous functions on (@, b].. Show that if f, uniformly con-
verges to f : [a,b] — R then f is uniformly continuous. {3m]
P 3
b} Show that the sequence fr(z) = z— "C— converges uniformly on [0, 1] but that the derivative sequence
(fr) does not. " [5m]
¢) Which of the following sequences { f,,} is uniformly convergent on [0, 1]7 [2m]
A fo(z) = =" B. fulz) =1- 2
C. fulaz) = £ D. fa(z) =1—a"
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is uniformly

10. a) Let Zan be an absolutely convergent series of real nurnbers. Show that Z

14z 2n
and absolutely convergent forallz € R. [5m]
b) Show that the series Z ® is uniformly convergent on R. [2m]
. =1
é; ; " oo ( n
) c¢) Which of the following is true for the power series Z ) (22 — 1) [3m]
ot 1
A. The series converges on (0, 1] B. The series converges on (0, 1)
C. The radius of convergence is 1 D.The radius of convergence is 1/2
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