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1. The paper contains two pages.
2. Attempt any SEVEN FULL guestions,

3. Each question carries 10 marks,

L. Let A be aring and let

Affz]] = {fma0+alm“"a2$2+"“§'an$n+""fli € A}
be the ring of formal power series with coefficients in A.

{a) Show that f is a unitin A ([z]] if and only if apisaunitin A.

f4 marks]
(b) Show thatif fisa nilpotent then q,,

is a nilpotent for all . > 0. Is the converse true?  [6 marks)

n
(@) Letps,ps, -+ p, be prime ideals and let I be an ideal contained in | j p;.

Show that I C p; for
e
somej € {1,2,--- ,n}.

[7 marks]
(b} Let Abea ring in which every element « satisfies 2 = g for some 7 > 1 (n depends on z). Show
that every prime ideal in A is maximal, [3 marks]
(2) Let A be a ring and Nil(A4) its nilradical. Show that the following are equivalent:
L. A has exactly one prime ideal.
2. Every element of A is either a unit or a nilpotent.
3. A/Nii(A) is a field. [S marks]
(b) Show that ( %) Rz (%) = [3 marks)
(¢) Show that C @ C and C ®&¢ C are not isomorphic as R-modules, [2 marks]



4,

10.

(a) State and Prove the universal property of localization of a ring A at a multiplicative subset S.

[5 marks)

(b) Let Abearing,let f: 4 — Bbea homomorphism of rings and let S be a multiplicatively closed
subset of A. Let T = £(S). Show that S~ B and T-1B are isomorphic as 5~ A-modules.

[5 marks]
() Let M be an A-module. Show that the following are equivalent:
1. M=0
2. My = 0 for all prime ideals p of A,
3. My, = 0 for all maximal ideals mof A, [5 marks]

(b) Let A be aring and let A be an A-module. Suppose that f;, fa, -, fn generate the ring 4. Prove
that if m € M goes to 0 in each M 5 thenm = 0.

[5 marks]
(a) State and prove Lying Over Theorem. [6 marks]
(b) State and prove Going Up Theorem. [4 marks]

(a} Prove that an A-module is Noetherian if and only if every submodule of M is finitely generated,

[6 marks]
(b) Let M be an A-module and let Ny, Ny be submodules of M. Show that if M/Ny and M /Ny are
Noetherian then so is M/(N; N No) [4 marks]

(a) Let () denote the radical of an ideal I. Show that if 7(I) = m, a maximal ideal then ] is a
primary ideal. [S marks]

(b) Isittrue that“if r(I) =p,a prime ideal then I is a primary ideal?” Justify. [5 marks]

(a) Show that in a Noetherian ring A, every ideal contains a power of it’s radical. Deduce that, in a
Noetherian ring the nilradical is nilpotent. [5 marks]

o0
(b} Let A be a Noetherjian ring and f = Z anz" € A[[m]} Prove that if each ay, is nilpotent then f

n=0
is nilpotent, [S marks]
(a) Prove that in an Artin ring every prime ideal is maximal. f4 marks]
(b) Prove that a Artin ring has only finitely many maximal ideals. [6 marks]
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